We demonstrate Yokoyama gaugeon formalism for the Abelian one-form gauge (Maxwell) as well as for Abelian two-form gauge theory in the very special relativity (VSR) framework. In VSR scenario, the extended action due to introduction of gaugeon fields also possesses form invariance under quantum gauge transformations. It is observed that the gaugeon field together with gauge field naturally acquire mass, which is different from the conventional Higgs mechanism. The quantum gauge transformation implements a shift in gauge parameter. Further, we analyse the BRST symmetric gaugeon formalism in VSR which embeds only one subsidiary condition rather than two.
For example, the generalization of VSR ideas to de Sitter spacetime is studied where breaking of de Sitter invariance arises in two different ways [19] . This has also been shown that the event space underlying the dark matter and the dark gauge fields supports the algebraic structure underlying VSR [20] . A generalization of VSR in cosmology is also proposed where an anisotropic modification to the FriedmannRobertson-Walker (FRW) line element occurs and for an arbitrarily oriented 1-form, the FRW space-time becomes of the Randers-Finsler type [21] . The VSR modifications to the quantum electrodynamics and the massive spin-1 particle are reported in Refs. [22, 23] . Furthermore, the generalization to the case of non-Abelian gauge fields is made in [24] and, in this context, the spontaneous symmetry-breaking mechanism to give a flavor-dependent VSR mass to the gauge bosons is also studied. VSR is also studied as background field theory, where averaging observable generates the nonlocal terms familiar from SIM (2) theories, while the short-distance behavior of the background field fermion propagator generates the infinite number of higher-order vertices of SIM (2)-quantum electrodynamics [25] . The electrostatic solutions as well as the VSR dispersion relations for Born-Infeld electrodynamics are investigated to be of a massive particle with nonlinear modifications in VSR scenario [26] . Recently, VSR generalization of the tensor field (reducible gauge) theories has also been analyzed using a Batalin-Vilkovisy (BV) formulation [27] . A rigorous construction of quantum field theory with a preferred direction is also studied very recently [28] . We would like to generalize the VSR in gaugeon formalism as gaugeon formalism is important in studying quantum gauge symmetry as well as in renormalization of gauge parameter.
The basic idea behind the gaugeon formalism [29] is to introduce the so-called gaugeon fields to the action which represent quantum gauge freedom. Originally, this formulation was developed in the case of quantum electrodynamics to settle the issues of renormalization of gauge parameter. In this connection the occurrence of shift in gauge parameter during renormalization [31] was addressed naturally by connecting theories in two different gauges within the same family by a q-number gauge transformation [29] . Further, this formalism has also been generalized to the case of Yang-Mills theory [30] . It has been found that gaugeon modes possess negative normed state which has been dealt with through Gupta-Bleuler type subsidiary condition. However, such condition is not applicable everywhere. For example, it fails when interaction is present between gaugeon fields. To improve the situation further, such subsidiary condition has been replaced by Kugo-Ojima type restrictions with the help of BRST charge [32] [33] [34] [35] . The importance of BRST symmetry can be found in various contexts [36] [37] [38] [39] [40] . Though gaugeon formalism has been studied for various theories [32, 33, [41] [42] [43] [44] [45] [46] [47] [48] , it is still unexplored in the VSR context. We are interested to study the VSR effects on the gauge parameter, quantum gauge transformations and on the Yokoyama subsidiary conditions. This is the motivation of the present study.
Here, for illustration, we first consider Abelian 1-form (Maxwell) theory in VSR (SIM (2)-invariant) scenario and revisit the standard BRST quantization of the theory. Further to discuss the quantum gauge freedom, we introduce the gaugeon fields to the VSR action. Remarkably, terms containing gaugeon fields in the action remain local, even after breaking the full Lorentz invariance by some non-local terms. We found that the resulting action in VSR framework does not respect form invariance under the standard quantum gauge transformation. However, this action remains form-invariant under VSR-modified quantum gauge transformations. Also, the gauge parameter gets an automatic shift under this transformation even in VSR case. We also show that the gaugeon fields satisfy Proca equation, which signifies that these fields are massive. The introduction of gaugeon fields increases the physical degrees of freedom. To make it consistent with the original theory, we impose the Gupta-Bleuler type subsidiary condition, which removes the unphysical gaugeon modes from the theory. Further, to improve the situation with the Gupta-Bleuler type subsidiary, which has certain limitations, we demonstrate the BRST symmetric gaugeon formalism by introducing ghosts corresponding to gaugeon fields in VSR, which yields the more acceptable Kugo-Ojima subsidiary condition. This manifests the validity of gaugeon formalism of 1-form gauge theory in VSR. The novel observation here is that unlike to SR invariant case, the gaugeon fields together with the gauge fields get mass automatically. Furthermore, we explore Sakoda's technique in VSR for changing the gauge parameter of the linear covariant gauge from generating functional points of view with respect to the gauge freedom. We then generalize the obtained results for the case of Abelian 2-form gauge theory. For this purpose, we first consider Abelian 2-form gauge theory in VSR framework. The Abelian 2-form gauge theory, in a similar fashion to 1-form case, is also invariant under the modified gauge transformation. We compute the BRST symmetry of the theory. Moreover, to get consistent description of quantum gauge freedom for 2-form gauge theory, we introduce gaugeon vector fields to the 2-form action. The resulting action remains invariant under VSR-modified quantum gauge symmetry. The gauge parameter translates under this symmetry for the 2-form case also, which is consistent with the renormalized gauge parameter. We observe that the vector gaugeon fields become massive in 2-form case also. We study the BRST symmetric gaugeon formalism for Abelian 2-form gauge theory in VSR. In this context, we show that the two subsidiary conditions to remove the unphysical fields are converted to a single but more general condition. Thus, the present investigation ensures the validity of gaugeon formalism in VSR.
The paper is organized in the following manner. In Sec. II, we derive both the gaugeon and BRST symmetric gaugeon formalism for Abelian 1-form gauge theory in VSR framework. In Sec. III, we generalize the discussion for both the gaugeon and BRST symmetric gaugeon formalism for Abelian 2-form gauge theory in VSR. We summarize our results in the last section and indicate directions for further study.
II. 1-FORM GAUGE THEORY IN VSR
We analyse below the partially BRST symmetric and fully BRST symmetric gaugeon formalisms for 1-form gauge theory by extending the configuration space with the help of quantum fields. To make the theory consistent with the original one we remove the redundant degrees of freedom due to gaugeon fields with the help of suitable subsidiary condition.
A. Brief review
In this subsection, we recapitulate the SIM (2)-invariant 1-form gauge theory in VSR [22, 24] . The most general gauge invariant action, quadratic in the gauge field, is given by
where n α is a chosen preferred null direction that transforms multiplicatively under a VSR transformation, g is a constant, andF µν is wiggle field-strength tensor defined as
Here, the VSR mass parameter m sets the scale for the VSR effects and was introduced by a dimensional reason. The above action is not invariant under the standard gauge transformation. Rather, it is invariant under a VSR type gauge transformation:
where Λ is a local transformation parameter.
We handle the kind of non-local terms, present above, with the help of following definition [49] :
From action (1) (with g = 0), the equations of motion (EOM) for free Abelian field is calculated by,
which further leads to
for a VSR type Lorentz gauge condition,
This implies that the gauge field A µ has a mass m and the action (1) describes a massive gauge field.
To achieve the VSR-type Lorentz gauge in quantum action, we need to add the following term to the action (1):
where the last term is induced ghost terms with mass m. We note here that the gauge-fixed action in VSR-type axial gauge can also be constructed which has rather simpler form than the Lorenz gauge [27] .
The effective action in VSR-type Lorentz gauge is given by,
which is not invariant under (VSR-type) gauge transformation but remains invariant under the following BRST transformation:
The gauge-fixed action is BRST exact as it is evident from,
We note that this gauge-fixed action, added to modify the classical action, has no contribution to the physical matrix elements of the theory. All the physical matrix elements of the theory are independent of the choice of the gauge-fixing parameter α.
Next, we discuss the gaugeon formalism for 1-form gauge theory in VSR.
B. Gaugeon formalism
Following the standard technique, we introduce the gaugeon field Y and its associated field Y ⋆ , obeying Bose-Einstein statistics, to the effective action (6) . With such introduction, the Yokoyama effective action for the Abelian one-form gauge theory in VSR follows,
where α is the gauge-fixing parameter and ε(±) is the sign factor. Here, we note that VSR effect does not change the spin-statistics theorem for the fields. The gaugeon action (8) remains form invariant under following quantum gauge transformations:
with a shift in gauge parameterα
The two subsidiary conditions to remove the unphysical modes are
The first condition is the usual one of the standard formalism, which confines the unphysical gauge modes by the quartet mechanism. The second condition removes the gaugeon modes. The decomposition in positive and negative frequency parts are valid because of the free equation:
If this does not hold, the positive frequency part becomes ambiguous and the second subsidiary condition contradicts with time evolution. Eq. (12) reflects that the gaugeon field gets mass along with gauge and ghost fields in VSR. The photon two-point function in VSR is calculated by
where g = 0 is considered for simplicity. It can be seen that the ultra-violet behavior of above two-point
, which coincides the standard two-point function of SR invariant theory.
C. BRST symmetric gaugeon formalism
In this subsection, we discuss the BRST symmetric gaugeon formalism in VSR. For this purpose, we first extend the effective Yokoyama Lagrangian density (8) , by introducing two Faddeev-Popov ghosts K, K ⋆ corresponding to the gaugeon fields as follows:
The BRST symmetry for the above action is written by,
The BRST charge using Noether's theorem is calculated by
n·∂ n 0 . With the help of this BRST charge, we can define the physical subspace of the total Hilbert space satisfying,
It is interesting to observe that, even after getting extended by introduction of ghosts corresponding to gaugeon fields, the action admits quantum gauge transformation given by,
These transformations only shift gauge parameter leaving the action form-invariant. We observe that the above quantum gauge transformation commutes with the BRST transformation. This ensures that the BRST charge (16) is invariant under the quantum gauge transformation:
Therefore, the physical subspace is invariant under the quantum gauge transformation, as the physical subspace can be constructed with the help of BRST charge. However, the BRST symmetric gaugeon formalism is more acceptable in the sense that, this situation does not occur in partially BRST symmetric theory described in subsection B.
D. Sakoda's extension of the gauge freedom of the vector field in VSR
In this subsection, as a first step, we consider the Maxwell gauge field and starting with the generating functional for 1-from in the Landau gauge, we extend the gauge freedom by applying the Harada-Tsutsui gauge recovery procedure in the VSR context. Let us start with the effective action for the Maxwell theory in VSR-type Landau gauge (Eq. (6) with α = 0) given by
Now, the generating functional corresponding to this action is expressed by
with
where ∆ = det( −m 2 ). Since the action in (22) contains the gauge fixing part together with the classical part, therefore, the functional W 0 is not invariant under the VSR-type gauge transformation,
In order to study the VSR-type gauge invariance of this gauge-fixed functional (quantum action), we promote the function Λ(x) to a dynamical variable and define
This functional W ′ 0 is found invariant under the extended VSR-type gauge transformation,
Because of this (quantum) gauge symmetry, the generating functional for W ′ 0 , defined as
is divergent. In order to remove the extra degree of freedom, we need to fix the VSR-type gauge for Λ. Here, we consider the following VSR-type gauge-fixing condition:
Utilizing Faddeev-Popov trick, we write the generating functional as
as ∆δ(− Λ + m 2 Λ − C) = 1. By writing the Fourier integral for the delta functional with respect to B Λ and applying 't Hooft averaging with a Gaussian weight, the generating functional reduces to,
where
The two Faddeev-Popov determinants in VSR are calculated as
Consequently, we obtain the following Sakoda effective action for the extension of the gauge freedom:
This action enjoys the following extended VSR-type BRST transformation:
Sakoda states that the effective action for the extension of the gauge freedom must be equivalent to the action of the gaugeon formalism [51] . Remarkably, the Sakoda effective action (32) coincides with the gaugeon action (8) in VSR framework after redefining the fields as,
Here α is a numerical parameter satisfying a = ǫα 2 . Thus, we note that the field Λ(x) introduced as an extended gauge freedom plays the character of a gaugeon field in VSR.
III. ABELIAN 2-FORM GAUGE THEORY IN VSR
We start with the field-strength tensor in VSR for Kalb-Ramond tensor field B µν [50] in VSR involving a fixed null vector n µ :
As before, the null vector n µ transforms multiplicatively under a VSR transformation to ensure the invariance of non-local terms. This field-strength tensor is not invariant under the standard gauge transformation δB µν = ∂ µ ζ ν − ∂ ν ζ µ , where ζ µ (x) is a vector parameter. One can dualize a two-form to a pseudoscalar in the VSR also satisfying modified Bianchi identity. Rather, it remains invariant under the following modified (VSR-type) gauge transformation:
As before, to have the usual mass dimension for wiggle operator,
n·∂ n µ , a constant m has to be introduced.
The gauge invariant action in VSR to describe the massive Kalb-Ramond tensor field is given by
where the wiggle field-strength tensor has the following form:
It is evident from the above relation that,F µνρ does not coincide with F µνρ given in (35) .
The EOM for Kalb-Ramond field is calculated as,
For the VSR-type Lorentz gauge∂ µ B µν = 0, the EOM reduces to
which remarkably implies that the field B µν has mass m.
The VSR-type Lorentz gauge can be implemented in the classical action by adding suitable gauge fixing and ghost terms. The gauge fixing and ghost action for antisymmetric rank 2 tensor field in VSR-type Lorentz gauge is given by
where λ 1 and λ 2 are gauge parameters. It is evident from the above expression that the ghost fields and ghost of ghost fields have mass m in VSR as well.
A. Gaugeon formalism
In this subsection, we study the Yokoyama gaugeon formalism to analyse the quantum gauge freedom for the Abelian rank-2 tensor field theory. We start with the effective Lagrangian density for a d-dimensional theory in Landau gauge,
where Y ν and Y ⋆ ν are the gaugeon fields respectively. The Lagrangian density (42) is invariant under the following BRST transformations:
Now, we demonstrate the following quantum gauge transformation, under which the Lagrangian density (42) remains form-invariant:
where τ is an infinitesimal transformation parameter. The form-invariance of the Lagrangian density (42) under the quantum gauge transformation (44) reflects the following shift in parameter:
Further, according to Yokoyama, to remove the unphysical gauge and gaugeon modes of the theory and to define physical states, one imposes two subsidiary conditions (the Kugo-Ojima type and Gupta-Bleuler type) as,
where Q B is the BRST charge. The expression for BRST charge using Noether's theorem is given by
The Kugo-Ojima type subsidiary condition removes the unphysical modes corresponding to gauge field from the total Fock space. The Gupta-Bleuler type condition is used to remove the unphysical gaugeon modes from the physical states. The second subsidiary condition is valid, when Y ⋆ ν satisfies the following free equation:
which we have derived using equations of motion. The free equation (48) guarantees the decomposition of Y
B. BRST symmetric gaugeon formalism
In this subsection we discuss the BRST symmetric gaugeon formalism for Abelian 2-form gauge theory, with the Lagrangian density:
Therefore, the gaugeon Lagrangian density (50) remains intact under the effect of combined BRST transformations (43) and (51) .
The BRST charge is given by
which annihilates the physical subspace of of the total Hilbert space:
This single subsidiary condition of Kugo-Ojima type removes both the unphysical gauge modes as well as unphysical gaugeon modes.
The gaugeon Lagrangian density (50) also admits the following quantum gauge transformations:
Under the above quantum gauge transformation, Lagrangian density (50) is form-invariant:
Here "ˆ" refers to the quantum gauge transformed quantity. It is easy to see that, the quantum gauge transformations in the 2-form gauge theory (54) also commute with BRST transformations mentioned in (51) . Consequently, it is confirmed that the Hilbert space, spanned from physical states, annihilated by BRST charge, is also invariant under the quantum gauge transformations:
Hence, the physical subspace in case of Abelian 2-form gauge theory is also invariant under quantum gauge transformation.
IV. CONCLUSION
In conclusion, we have investigated the gaugeon formalism in the context of VSR. It is found that the gaugeon modes together with gauge modes become massive in the VSR scenario. Our results are very general and will be valid for any (arbitrary) gauge theory. For illustration, we have first considered Maxwell theory in the VSR framework, which remains invariant under the modified gauge transformations, rather being invariant under usual gauge transformations. For a VSR-type Lorentz gauge, we have obtained a Proca type equation for Euler-Lagrange equation of motion, revealing that the gauge field gets a mass. Further, to investigate quantum gauge symmetry, we introduced the gaugeon modes to the VSR invariant Maxwell theory. Remarkably, the subsidiary condition to remove unphysical gaugeon modes satisfy the Proca type equation. This observation confirms that the gaugeon fields are also massive, where as in SR invariant theory, these gaugeon fields were massless. Therefore, the massive gaugeon fields could possibly be a candidate for dark matter, where mass appears naturally due to VSR effect. Further, we have studied the BRST symmetric gaugeon formalism and obtained only one (most general) subsidiary condition of Kugo-Ojima type. Analogously, we have derived the gaugeon formalism for Abelian 2-form gauge theory also in VSR. Here, we have found that there exist many more auxiliary fields, as it is a reducible theory and all the modes become massive with same mass. This is the reason why this mass generation is different from Higgs mechanism. It would be interesting to explore the present investigation for the higher-form gauge theories. The higher-form fields are important ingredients to certain string and super-gravity theories. From the viewpoint that the VSR symmetry is a fundamental symmetry of nature, there is no obvious reason to stop introducing additional VSR-invariant but Lorentz-violating interactions to these theories.
Other approaches for mass generation have also been studied [52, 53] , involving the topological terms. However, a massive Proca theory can be imbibed with gauge invariance by introducing a scalar mode. An Abelian gauge theory describing dynamics of massive spin one bosons is studied recently, where it is found that, the theory respects Lorentz invariance, locality, causality and unitarity [54] . In Ref. [55, 56] , the possibility to attain scale invariance and novel symmetries for the massive theory, through suitable coupling with scalar-tensor gravity are demonstrated. In this process, not only the photon becomes massive, but the scalar-tensor gravity also acquires non-vanishing conserved scale current. It will be fascinating to explore such a possibility from the VSR point of view.
The structure of results we obtained here by studying gaugeon formalism in VSR is not very different to that of SR case. Unlike the SR case, the novel observation is that in VSR scenario, all the fields (including gaugeon and ghost fields) acquire mass, which modifies the masses of the original dispersion relations. Present investigation might play an important role for discrete symmetry violating gauge theories. In a very recent work, following Sakoda's treatment of Yang-Mills fields [51] , the HaradaTsutsui gauge recovery procedure [57] has been applied to the gauge non-invariant functional and Type I and the extended Type I gaugeon formalism have been obtained [58] . We have studied the Sakoda's treatment for 1-form gauge theory in VSR by including the two gauges of the standard formalism. In this consideration, the theory describing extended gauge freedom occupies the total Fock space, which embeds the Fock spaces of both gauges. It has been found that the Harada-Tsutsui gauge recovery procedure still holds for VSR scenario. We have found that Sakoda's effective action coincides with the gaugeon action. However, Sakoda's theory cannot arbitrarily change the gauge parameter as is done by gaugeon formalism.
From a quantum field theoretic structure suitable to describe the dark matter, it has been emphasized, in Ref. [59] , that VSR plays the same role for the dark matter fields as SR does for the standard model fields. From this perspective, our present investigations will also play an important role in clear understanding of the dark matter, where massive gaugeon and gauge fields as the dark matter candidates support the algebraic structure underlying VSR. Possible physical realization of these novel form of mass generation is also of interest.
